Introduction
Let X beavector eld with a homoclinic orbit to a saddle equilibrium point.
Shil'nikov Shil68] s h o wed in a very general context that an open set of small
perturbations of X has a periodic orbit with a very high period. As the size of the perturbation shrinks to 0 the Hausdor distance between the periodic orbit and the homoclinic loop approaches 0 and the period of the periodic orbit approaches in nity. This phenomenon is often referred to as an innite period b i f u r cation or a homoclinic bifurcation. Recently there has been 1 a considerable interest in understanding the dynamics near degenerate homoclinic orbits, typically occuring in two parameter families. Suppose X is a v ector eld in IR 3 having a saddle point a t O and a homoclinic orbit ; asymptotic to O. Assume that the linearization of X at O has three real eigenvalues s u uu satisfying s < 0 < u < uu . A degeneracy of ;, known as inclination-ip or critical twist, can be characterized as follows.
Generically Tj ; IR 3 has a continuous subbundle with one dimensional bers which i s i n variant under the linearization of the ow o f X along ; and whose ber at O is tangent the eigendirection of uu . This bundle, which w e refer to as the strong unstable bundle, can be orientable or nonorientable. The corresponding homoclinic orbits are called nontwisted and twisted respectively. A p o i n t of transition between the two cases is called an inclination-ip point or a critical twist point. The analysis of the dynamics in the unfoldings of an inclination-ip point is the subject of this article. Inclination-ip bifurcation, together with two other codimension two problems was studied by Y anagida Yan87]. The two other problems Yanagida considered were the resonant bifurcation, occuring when the magnitudes of the principal eigenvalues are equal (; s = u ), and the orbit-ip bifurcation, taking place when the homoclinic orbit ; is tangent a t O to the strong unstable direction. The results of Yanagida asserted that each of the three bifurcations led to the occurrence of double homoclinic orbits, that is homoclinic orbits consisting of two loops near ;. The article of Yanagida was followed by a n umber of publications on this subject. In particular the work of Chow, Deng and Fiedler CDF90] and Kisaka, Kokubu and Oka K K O93a] led to a complete understanding of the resonant bifurcation. Further work has also been done on the inclination-ip bifurcation. Dumortier, Kokubu and Oka DKO92] studied the persistence condition for inclination-ip homoclinic orbits in terms of Melnikov-like integrals. Kisaka, Kokubu and Oka K K O93b] carried out a rigorous analysis of the homoclinic doubling for an inclination-ip homoclinic orbit in the case when u < ; s < 2 u .
Deng Deng91] presented a scenario suggesting that a perturbation of an inclination-ip point w ould lead to the occurrence of Smale horseshoes. The work of Deng is one of the main motivations of our research and will be discussed in more detail in the sequel. Using Lin's method Sandstede San93] has recently shown the existence of shift dynamics and n-homoclinic orbits for arbitrary n in the unfolding of an inclination-ip point in the case when 2 u > uu and ; s > 2 u . Sandstede has also studied the orbit-ip bifurca-tion nding similar phenomena.
Inclination-ip bifurcations have also been studied in the context of Z Z 2 symmetric vector elds. Rychlik Rych90] considers the inclination-ip bifurcation for a pair of symmetry related homoclinic orbits. He assumes that the linearization of X at O has the eigenvalue con guration ss < s < 0 < u and the Z Z 2 action ips the principal unstable direction and xes the principal stable direction. He shows that arbitrarily small perturbations of this con guration have a geometric Lorenz attractor. Aronson, Golubitsky and Krupa AGK91] and later Aronson, van Gils and Krupa AvGK92] studied inclination-ip bifurcations of homoclinic orbits invariant under the Z Z 2 (reection) symmetry. They showed that in the unfoldings of such bifurcations there exist symmetry related pairs of homoclinic orbits tangent to the Z Z 2 symmetry plane. Homburg Hom93] p r o ved that unfoldings of this type of homoclinic orbits lead to occurrence of Z Z 2 symmetric horseshoes.
The work of Deng Deng91] and Homburg Hom93] p r o vided the main motivation for this research. Deng conjectured that a suitable perturbation of a ow at an inclination-ip point w ould have a Smale horseshoe. He suggested that by following a circular path around the inclination-ip point one would observe the disappearence of all the periodic orbits of the horseshoe in an in nite period bifurcation. As a result of this bifurcation sequence only one periodic orbit would remain. Deng studied a one parameter family of planar maps modelling the return maps of a transverse section near the homoclinic orbit ; and analyzed the bifurcation sequence occuring for these maps. He showed the occurrence of a number of bifurcations other than the ones associated with the disappearence of a periodic orbit through an in nite period bifurcation. Homburg Hom93] found horseshoes and similar bifurcation sequences in the unfoldings of a codimension 1 homoclinic orbit under the assumption of a global property f o r t h e v ector eld X. He assumed that, simultaneously with ;, there exists a generalized homoclinic orbit, that is an orbit in the unstable manifold of the saddle O which is forward asymptotic to ; f Og. It turns out that generalized homoclinic orbits naturally occur near inclination-ip points. In his analysis Homburg took advantage of the existence of a strong invariant foliation to reduce the dimension of the dynamics and consequently obtained a more complete description of the bifurcation sequence than Deng Deng91]. He was, in particular, able to specify the order of the in nite period bifurcations of periodic orbits and prove that the bifurcation set had Lebesgue measure 0.
This article achieves the following two objectives. We prove that, provided that uu > 2 u and ; s > 2 u a n d a n umber of nondegeneracy assumptions hold, then in every parameter neighborhood of an inclination-ip point there are parameter values for which the return map de ned on a cross section of the ow near the homoclinic orbit ; has a horseshoe. The second objective w e a c hieve is proving that the bifurcation sequence conjectured by Deng occurs in an arbitratrily small neighborhood of the inclination-ip point and can be analyzed using the methods of Homburg. Sandstede San93] h a s obtained similar results for the orbit-ip case using the method of Lin.
Since our analysis is only valid in a thin wedge of the parameter space many questions about the inclination-ip bifurcation remain unanswered. It is remarkable that the bifurcation sequence we analyze does not involve the occurrence of homoclinic tangencies and the related chaotic dynamics. It is, however, quite clear from the form of the return map around the homoclinic orbit that other bifurcation scenarios, leading to annihilation of a horseshoe, possibly involving chaotic dynamics, must occur. Another way which could lead to interesting bifurcation sequences would be to violate the eigenvalue conditions we impose. These issues will be discussed in more detail in Section 6.
The article is organized as follows. In Section 2 we g i v e a rigorous de nition of an inclination-ip point and discuss the form of generic unfoldings. At the end of the section we state the main theorems of the article. In Section 3 we s h o w the existence of topological horseshoes near an inclination-ip point. Section 4 is devoted to the proof of the existence of an unstable invariant foliation on a conveniently chosen subset of a cross section transverse to the ow. In Section 5 we use the results of Section 4 to obtain a reduction of the dynamics of the return map de ned on a two dimensional transverse section of the ow to the dynamics of a multivalued map of an interval. We analyze the dynamics and bifurcations of the relevant m ultivalued maps. The analysis in Section 5 provides the proof of the main theorems stated in Section 2. We conclude the article in Section 6 where we present some conjectures on the type of phenomena that could occur outside the region of validity o f o u r analysis.
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2 Inclination-ip homoclinic orbit
Let X 0 be a smooth vector eld on IR 3 with a hyperbolic equilibrium point O. Assume the linearization DX 0 (O) has real eigenvalues s u uu satisfying s < 0 < u < uu , and hence the vector eld has a one-dimensional stable manifold W s (O) a n d a t wo-dimensional unstable manifold W u (O) a t O.
Furthermore there exists a two-dimensional invariant manifold whose tangent space at O is spanned by the eigenvectors associated with the eigenvalues s and u . See HPS77] for the existence of such a n i n variant manifold. Clearly it contains the stable manifold by de nition. Here we call it the extended stable manifold and denote it by W es (O) . Note that such a n i n variant manifold is not unique but has the unique tangent space at any point on the stable manifold.
We moreover assume that the vector eld X 0 has a homoclinic orbit ; (O) have the quadratic tangency along the homoclinic orbit ;. Throughout this paper an inclination-ip homoclinic orbit is always assumed to satisfy the genericity condition (QT).
Consider a smooth family of vector elds X on IR 3 unfolding the vector eld X 0 possessing the inclination-ip homoclinic orbit ;. Our goal is to study the dynamics in the family near the homoclinic orbit. For this purpose, we rst describe the return map along the homoclinic orbit and its perturbation. The return map is constructed by the composition of two successive mappings between cross sections as follows: Take the local coordinates (x y z) near the origin O in which the vector eld X is uniformly C 3 -linearized as X = s x @ @x + uu y @ @y + u z @ @z :
This uniform smooth linearization assumption, which is guaranteed under a generic assumption for the family (see Rych90]), is not necessary but it simpli es the arguments in the sequel. We consider the planes 1 = fx = 1 jyj + jzj < 1g 0 = fjxj + jyj < 1 z = 1 g:
Rescaling the variables we m a y assume that these planes are contained in the neighborhood where the linearization of the vector eld is valid and are transverse to the homoclinic orbit ;. It is easy to obtain the following forms of successive o w-de ned mappings:
where G(X Y Here the rst equality corresponds to the existence of the homoclinic orbit ; a t = 0, the second equality to the inclination-ip condition and the last inequality expresses the quadratic tangency condition (QT). The resulting return map is thus obtained by the composition of these two mappings as follows (see Figure 1) 
The converse is also true, and hence we h a ve s h o wn the following Proposition.
Proposition 1 We assume X is a generic two-parameter unfolding of X 0 and we make the change of parameters:
In order to study the dynamics of the return map f , w e l o o k a t t h e rectangle R = 0 ] ;1 1] contained in the cross section 0 . We will 8 later choose in such a w ay that the orbits which s t a y i n a n e i g h borhood of the homoclinic orbit ; have to pass through the rectangle, otherwise they eventually go far from ;. We n o w consider the preimage C = F ;1 (R ) o f R under F and the image P = G (R ) o f R under G . Clearly the way t h e s e sets intersect determines the recurrent dynamics of f . A straightforward computation shows that C = F ;1 (R ) 1 is a cusp-shaped region whose In what follows we assume the parameter transformation (3) has been carried out, that is the considered objects depend on the parameters ( 1 2 ).
We also assume that g 10 Y Y > 0. The other case is similarly treated.
We n o w state the two main theorems of the article.
Theorem 1 Consider a two parameter family of vector elds X having an inclination-ip bifurcation point at = 0 corresponding to the inward t w i s t case. Then there exist functions ; 1 ( 2 ) < 0 < + 1 ( 2 ), a neighborhood U of ; and " > 0 such that for each ;" < 2 < 0 the following statements hold.
(i) When 0 < 1 < + 1 ( 2 ) the nonwandering set in U is the union of the singularity at 0 a n d a s u s p ended horseshoe, namely the Poincar e map along ; possesses a horseshoe.
(ii) 
De ne the map q by q (z) = 1 + 2 z + z 2 + . Observe that the quadratic map q has its top at z = ; 2 2 . To start the computations, we suppose 1 = 0 . We rst perform the computations showing that for small enough positive 1 , the return map f has a horseshoe. After these computations we derive the more precise bound (7). Since also R > 2, we need ; s > 2 u to nd the horseshoe.
It remains to nd the estimate (7) on how far the existence of the horseshoe extends into the 1 direction. We nd this bound by computing where the graph of q is tangent to the boundary fy = ;z The assertion follows since @' @z = j 2 j + o( 2 ). 2 Let R be the constant i n troduced in Theorem 3. Let P denote the parameter region de ned by ( 1 5 ) w i t h ( ") c hosen so that 0 < < R ; 2 and so that Proposition 2 holds.
Remark 2 Note that for 2 P , P 1 \ C 1 C . It follows that all the local recurrent dynamics of f takes place in C . In other words, to understand the recurrent structure of the dynamics of f j C 1 it su ces to consider f j C .
Note that the topological horseshoe exists for some values of 2 P but its region of existence is not con ned to P. In the sequel we analyze the structure of the dynamics of f jC for 2 P , concentrating on the bifurcation sequence leading to the annihilation of the horseshoe. Our methods apply to a larger parameter region, but we are at this point not able to give a precise estimate of its size and can only speculate what happens at its boundary.
Showing that the topological horseshoe we found in Theorem 3 is a true We n o w state a lemma which will be useful in the proof of the existence of a smooth invariant foliation. For proof see Hen81] or Hom93].
Lemma 3 Let C 0 (E F) be t h e s p ace o f b ounded c ontinuous maps E ! F, between two complete metric spaces E and F, e quipped with the supremum norm. We concentrate on the case of inward twist. At the end of the section we prove a result extending the analysis to the case of outward twist.
Fix 2 and let n 2 IN. Consider the set n (0). When 1 > 0 this set consists of 2 n points. As 1 is varied a point p 2 n (0) varies de ning a curve p( 1 ). More precisely, let : f1 n g ! f g and de ne p( 1 ) = (n) (n ; 1)
(1)(0). Suppose at least one element of the sequence f (1) (n)g equals . Then for 1 < 0 a n d j 1 j large enough p( 1 ) no longer exists. This is a consequence of the fact that as 1 decreases the interval K of de nition of shrinks and eventually becomes empty. 
The fact that @h @ 1 ! 0 a s 2 ! 0 implies that g 1 (h(Y (z)) Y (z) ) c a n b e written in the following form (see also the equations (6) and (9)). 
We also have
We c hoose C + so that @ @ 1 (z 0 ) < C + j 2 j ; . Note that we c a n c hoose the constants C ; and C + so that the estimates (20) and (21) 2 Similar arguments as used in the proof of Theorem 3 imply that for every small enough 2 there exists ; 1 ( 2 ) < 0 s u c h that for every 1 < ; 1 ( 2 ) K = . M o r e o ver j ; 1 ( 2 )j < O (j 2 j R ), which implies that ( ; 1 ( 2 ) 2 ) 2 P .
In the subsequent analysis we x 2 and let 1 decrease from 0 to ; 1 . We analyze the non-wandering set and the bifurcation set of . Observe that ;1 is a well-de ned map reminiscent of the quadratic map of the interval. We can de ne symbolic dynamics of ;1 in the following way. Given x 2 I let S(x) be the in nte sequence of the letters U and D such that
We consider the well known ordering on the set of sequences. Let , be two sequences. Let j be the rst integer such t h a t j 6 = j . T h e n if ( 0 : : : j;1 contain an even number of U's, j = D and j = U 0 : : : j;1 contain an odd number of U's, j = U and j = D .
Note that every periodic point o f has a well de ned symbolic sequence given by the corresponding sequence of ;1 . A periodic orbit of period n has n di erent s y m bolic sequences. We will refer to the minimal of these sequences as the sequence of the periodic orbit. Fix a small 2 . Consider a periodic orbit of with a given symbolic sequence. As 1 decreases from 0 the leftmost point on the orbit approaches 0. The value of 1 for which a is an element of the periodic orbit marks the parameter point for which the periodic orbit disappears when 1 further decreases a periodic orbit with this itinerary no longer exists. We refer to periodic orbits of which contain 0 as homoclinic orbits. Clearly such periodic orbits correspond to homoclinic orbits of the vector eld and the disappearance of these periodic orbits correspond to the bifurcations of homoclinic orbits. We hence refer to them as homoclinic bifurcations. We h a ve the following lemma.
Lemma 5 Fix 2 < 0. Let 1 , 2 be p eriodic orbits of and let 1 , 2 be minimal symbolic sequences corresponding to 1 and 2 . Then, as 1 decreases, 1 disappears rst in a homoclinic bifurcation if 1 2 . Moreover, the homoclinic bifurcations unfold generically, that is a homoclinic orbit with a given itinerary exists for a unique value of 1 .
(Proof. (ii) It follows from the proof of (iii) that the bifurcation points corresponding to twisted homoclinic bifurcations are isolated in B 2 and the bifurcation points corresponding to nontwisted homoclinic orbits are isolated on the left. Supposeŝ is a point o f n o n twisted homoclinic bifurcation and let be the symbolic sequence of the corresponding periodic orbit. We write = A 1 , where A is a nite sequence. Consider the sequences A m U 1 for ;1 . Since A m U 1 it follows that there exist trajectories of ;1 having A m U 1 as their itineraries. When m converges to in nity these trajectories come arbitrarily close to 0. Moreover it is easy to see that every point i n I is a starting point of a trajectory converging to p . It follows that there exist trajectories of which are backward and forward asymptotic to p and pass arbitrarily close to 0. Clearly these trajectories disappear in a sequence of bifurcation points converging to^ 1 .
(iv) It follows from the proofs of (ii) and (iii) that B 2 is the union of a Cantor set given by the closure of the bifurcation points corresponding to nontwisted homoclinic orbits and a set of isolated bifurcation points corresponding to twisted homoclinic orbits. To prove the assertion that the Lebesgue measure of B 2 is 0 we rst observe that the Lebesgue measure of ! is 0. By Lemma 4, 0 moves through ! with positive speed. The assertion follows.
2
We n o w describe the structure of ! at a point which is not a bifurcation value. In the statement of the following proposition we refer to a periodic sequence as even if it contains an even number of U's.
Proposition 6 Let ( 1 2 ) 2 P , 1 6 2 B 2 . Suppose 0 i s a p eriodic orbit of f whose symbolic sequence is the minimal symbolic sequence among even periodic sequences of existing periodic orbits. Then ! is a hyperbolic basic set consisting of the closure of the intersections of W s ( 0 ), W u ( 0 ) in C together with a nite set of periodic orbits.
(Proof.) Observe that there are at most nitely many periodic orbits with symbolic sequences smaller than the one of 0 . Using similar arguments as in the proof of Theorem 5 we can show that there exist connecting orbits from 0 to every periodic orbit with larger symbolic sequence and connecting orbits from every periodic orbit to 0 . If the symbolic sequence of^ is smaller then that of 0 then there are no connecting orbits from^ 0 to periodic orbits with larger symbolic sequences. The proposition follows.
We n o w consider the case of outward twist and show h o w it can be understood using the methods developed for the case of inward twist. Fix 2 < 0. It follows from Theorem 3 and the arguments analogous to the ones used in the proof of Proposition 6 that f has a hyperbolic horseshoe for 1 > ; 1 ( 2 ) > 0. Let q be the xed point o f . The number ; 1 ( 2 ) c a n be characterized as the value of 1 when (q ) = 0 . We n o w describe a transformation taking the family of multivalued maps 1 to a family of multivalued maps satisfying the conditions of Proposition 5 applying to the case of inward twist and the condition of Lemma 4. Note that these are the only results required to prove Theorem 5 and Proposition 6. The transformed family describes all the bifurcations occuring in the original family except for the last one determined by (q ) = 0 . We n o w establish the correspondence between the sets of homoclinic bifurcations. Note that h(b ) = 0 . Hence, if 1 has a homoclinic orbit then, since b must be its element, the image of this homoclinic orbit is a homoclinic orbit of~ 1 . I f 1 has a homoclinic orbit then b mu s t b e a n e l e m e n t of the corresponding periodic orbit of 1 . I f 1 < ; 1 ( 2 ) t h e n b < q , w h i c h implies that this periodic orbit must be homoclinic.
Corollary 1 It follows from Proposition 7 that the dynamics and bifurctions of the family 1 in the case of outward twist correspond to the dynamics and bifurcations of a family~ 1 to which the results of Theorem 5 and Proposition 5 apply. Note that the order of the bifurcations of~ 1 is given in terms of decreasing 1 , just as described i n T h e orem 5. 6 Remarks and conjectures on the dynamics and bifurcations for parameters outside the region of the existence of the invariant foliation.
Through most of the article we h a ve assumed the parameters ( 1 2 ) are in the set P, where we could prove the existence of the invariant foliation F u . Outside of the parameter region P the non-wandering set of the map f may b e n o n h yperbolic and we expect that complicated dynamics will occur.
To see this consider the case of inward twist, x 2 < 0 and let 1 increase from 0. According to our results for small values of 1 relatively to 2 the return map f has a horseshoe. When 1 is large enough a tangency will develop between the side of the cusp and G(W u loc (O)) \ 0 , see Figure 8 . It is clear that for this value of the parameters the horseshoe can no longer exist, so somewhere along the parameter path it has been annihilated. The mechanism of the disappearance of the horseshoe occurs far away from the singularity and thus is likely to involve phenomena leading to complicated dynamics, in particular tangencies between stable and unstable manifolds of periodic orbits and, related to it, occurrence of in nitely many periodic sinks and H enon-like attractors. alyzed in this paper, that is annihilation of orbits of the horseshoe through homoclinic bifurcations involving the saddle equilibrium of the vector eld X and the second one arising through heteroclinic and homoclinic tangencies of invariant manifolds of the orbits in the horseshoe. Figure 9 represents the conjectured bifurcation diagram for the case of inward twist (a similar conjecture can be made for the case of outward twist). The part of the diagram occuring for negative 1 has been established in this paper. For 2 negative and 1 positive w e conjecture the existence of two bifurcation lines. The one more to the left would correspond to the rst heteroclinic tangency of the stable and unstable foliations of the horseshoe. The second one would correspond to a saddle-node bifurcation of periodic orbits. In the region between the two bifurcation lines complicated dynamics would occur involving homoclinic and heteroclinic tangencies, H enon-like attractors, and in nitely many periodic sinks. In the region between the saddle-node bifurcation line and the line 2 = 0 the non-wandering set of of f jC would be empty.
Another relevant question is what happens when the eigenvalue condition (EV2) no longer holds. Let = ; s u and suppose is varied as the third system parameter. Let ( 1 2 ) be in the region of the existence of the horseshoe for > 2. It follows from the methods used in the proof of Theorem 3 that for < 2 the horseshoe can no longer exist. KKO93a] contains partial information on this case. Hence a bifurcation sequence leading to the destruction of the horseshoe must take place as ( 1 2 ) i s k ept xed and varies from a value larger than 2 to a value less than 2. 
